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Shape and size characteristics of cirques and their changes and mutual relationships include not only spatial
and descriptive aspects but also genetic attributes. The goals of this article were to define an application of k-
curve (sensu Haynes, 1968) that describes the extent of cirque overdeepening and to identify k-curve equa-
tion input variables. The k-values depend on the profile location, and hence, a clear definition of the cirque
profile position is necessary. Therefore, ideal profiles were delineated through the steepest part of the cirque
headwall (k-steepest, ks) or through a point on the cirque crest that had a maximal elevation (k-highest, k).
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Cirque morphometry Knowledge of the cirque headwall height allows for the mathematical (theoretical) calculation of cirque
Overdeepening overdeepening (i.e., the maximum depth of the cirque floor, sedimentary filling of the cirque floor). Further,
k-curve the goal of this study was to analyse and compare cirque classification methods according to the extent of

Bohemian Massif (the Czech Republic,
Germany, Poland)

overdeepening and standard morphometric characteristics. As a training data set, 27 example cirques of
the Bohemian Massif (Giant Mts., Sumava Mts., and Hruby Jesenik Mts.) and a total of 12 morphometric char-
acteristics were used in the analyses. Cirques were classified into two groups using cluster analysis based on
the extent of overdeepening (k-values: ky, and k). A mutual relationship between cluster analysis classifica-
tions and classifications based on morphometric characteristics (L/W, H, and 3D/2D) was determined using
general discriminant analysis. The classification of cirques based on other characteristics corresponded close-
ly (in total, 81% for the first group and the cross-validation group) with cirque classifications based on the de-

gree of overdeepening (k-value).

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

In many published studies, cirques have been defined and charac-
terised using a range of morphometric characteristics (Graf, 1976;
Evans, 1977; Vilborg, 1977; Aniya and Welch, 1981; Evans and Cox,
1995; Haynes, 1998; Davis, 1999; Garcia-Ruiz et al., 2000; Federici
and Spagnolo, 2004; Brook et al., 2006; Ruiz-Fernandez et al., 2009).
In addition to the analysis of morphometric characteristics and evalua-
tions of their mutual dependences, these studies also described the re-
lationships between the size and shape characteristics of cirques and
exposure, geological conditions, and the location of snow sources. The
aim of this article is not to study all relationships mentioned above,
but to focus on determination of the degree of cirque overdeepening
using k-curve (Haynes, 1968) and its comparison with cirque mor-
phometry. From a mathematical point of view, this article analyses the
quantities (variables) that enter into the k-curve and its subsequent ap-
plication in real relief; although k-curve has been mentioned in some
published studies, it has not been satisfactorily explained and its es-
sence has not been described (Vilborg, 1977; Martini et al, 2001;
Rasemann et al.,, 2004; Brook et al.,, 2006; Bennett and Glasser, 2009;
Benn and Evans, 2010). A correct definition of k-curve as a part of glacial
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erosion landform analyses can contribute to the identification of the de-
velopment and intensity of mountain glaciation. Gordon (1977, p. 192)
said that “if it is valid to assume a space-time transformation that cirque
development is a function of cirque size, then the relationships between
the cirque size and shape variables have important implication for the
mode of cirque development.”

Another question is how cirque classification based on k-values
differs from cirque classification based on commonly used morpho-
metric characteristics. Cirques can be divided into categories accord-
ing to their k-values and this classification can be combined with
classifications based on typical morphometric characteristics. In
other words, a chosen group of cirques can be categorised based on
the morphologic features (morphologic indices, sensu Evans and
Cox, 1995) and a genetic perspective (k-curve, sensu Haynes, 1968).

The main goals of this article are to define the use of k-curve as a
descriptive index that characterises cirque overdeepening and to an-
alyse and compare the classification of cirques according to the de-
gree of overdeepening (k-curve) and standard morphometric
characteristics based on cirques in the Bohemian Massif. The task of
this paper is to determine whether the k-curve brings some new in-
formation on the morphology of cirques, or whether it can be
expressed in other established morphometric characteristics.

Comparison of overdeepening (k-values) and morphometric char-
acteristics was performed on 27 cirques in the Bohemian Massif.
These cirques form a homogeneous group, with similar development


http://dx.doi.org/10.1016/j.geomorph.2011.11.014
mailto:krizekma@natur.cuni.cz
mailto:vocadlov@natur.cuni.cz
mailto:engel@natur.cuni.cz
http://dx.doi.org/10.1016/j.geomorph.2011.11.014
http://www.sciencedirect.com/science/journal/0169555X

496 M. KiiZek et al. | Geomorphology 139-140 (2012) 495-505

and shape of relief, the same character and age of glaciation, with
similar paleoclimatic conditions and similar postglacial development.

2. Regional setting

During Pleistocene cold periods, the Bohemian Massif was located in
a periglacial zone in a foreland region of continental glaciation (Czudek,
2005), and mountain glaciation occurred only in the northern (the High
Sudetes) and southern (the Sumava Mts.) fringes of the Bohemian Mas-
sif. Small cirque glaciers, with tongues up to a few kilometres long, al-
tered the relief and formed the cirques that are currently one of the
dominant characteristic landforms of the local landscape. The relief of
glacial landforms in the Bohemian Massif was defined and described
as early as the nineteenth century (e.g., Bayberger, 1886; Partsch,
1894). These reports were followed by other studies on the glacial mod-
ification of the High Sudetes (e.g., Vitasek, 1924; Prosova and Sekyra,
1961; Chmal and Traczyk, 1999; Migof, 1999; Mercier et al., 2000;
Engel, 2007; Engel et al, 2010) and the Sumava Mts. (Rathsburg,
1928; Priehdusser, 1930; Kunsky, 1948; Ergenzinger, 1967; Votypka,
1979; Hauner, 1980; Raab and Vélkel, 2003; Vocadlova et al., 2007;
Vocadlova and KiiZek, 2009; Mentlik et al., 2010); however complex
comparative studies have not been carried out.

The Bohemian Massif is a Hercynian geological unit (Chlupac et al.,
2002) and includes the majority of the Czech Republic and parts of
the frontier regions of Germany, Poland, and Austria (Fig. 1). The
High Sudetes and the Sumava Mts. are fault-block ranges with

Cirques:

summit plateaus and this terrain had an important role in the origin
of the Late Pleistocene mountain glaciation. Snow that was blown
from summit plateaus by prevailing westerly winds (Meyer and
Kottmeier, 1989; Isarin et al., 1997) onto leeward preglacial valley
heads helped to create cirque and valley glaciers with tongues that
are only a few hundred metres to a few kilometres long (Jenik,
1961). Deglaciation of the Bohemian Massif occurred at the end of
the Late Pleistocene.

The Sumava Mts. (called the Bavarian Forest on the German side
and the Bohemian Forest on the Czech side of the state border,
Fig. 1) are mainly composed of metamorphic rocks (gneisses, mica
schists, phyllites, granulites, and migmatites) permeated by younger
igneous rocks (granites, tonalities, and granodiorites) (Baburek et
al., 2006). The highest peak is Grosser Arber (1456 m asl). In the
mountain range, eight of 13 cirques are filled with lakes: Cerné jezero,
Certovo jezero, Laka, Prasilské jezero (compound cirque), Plesné
jezero, Kleiner Arbersee, Grosser Arbersee, and Rachelsee. The pre-
dominant view is that a smaller extent of glacier covers (cirque or
short valley glaciers) was present here in times of maximal glaciation
(Hauner, 1980; Raab, 1999; Reuther, 2007). Evidence of the Late
Pleistocene glaciation (MIS 2) in the Sumava Mts. has been found, al-
though no convincing evidence for older glaciation has been existed
(Bayberger, 1886; Rathsburg, 1928; Priehdusser, 1930; Ergenzinger,
1967; Hauner, 1980). The Pleistocene snow equilibrium line altitude
(according to the maximum elevation of lateral moraines method,
MELM) corresponding to the last glaciation was found between 925
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Fig. 1. Distribution of cirques in the Bohemian Massif.
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and 1115 m asl (Hauner, 1980; Raab, 1999; Vocadlova and KfiZek,
2005; Mentlik et al., 2010). Recent research in the Sumava Mts. has
shown that the cirque floors were free of ice prior to ~14,500-
14,000 cal YBP (Raab and Volkel, 2003; Reuther, 2007; Mentlik et
al,, 2010)

The Giant Mts. (called KrkonoSe on the Czech side and Karkonosze
on the Polish side of the state borders) represent the western part of
the High Sudetes and mainly consist of Proterozoic and Paleozoic
methamorphites (gneiss, mica schist, phyllite, and quartzite) and plu-
tonic rocks (granite) can be found (Chlupac et al., 2002). This moun-
tain range on the Czech and Polish border has fault-generated
mountain fronts on the southern and northern side, extended summit
plateaus (area up to a few square kilometres). Mt. SnéZzka (1602 m
asl) is the highest peak. The front of the Scandinavian ice sheet
approached immediately the northern foreground of the Giant Mts.
during the Early Saalian (MIS8, 440-430 ka BP) (Hall and Migon,
2010). More morphologic evidence of glacial alteration has been
obtained from the Giant Mts. than from all other studied ranges of
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the Bohemian Massif. A total of 13 cirques (six on the Polish side,
seven on the Czech side) have been described in this region. Tongues
of the largest glaciers on the Czech side of the Giant Mts. (glacier of
Labsky dul valley and Obfi dil valley) reached a maximum of up to
5 km in length (Kralik and Sekyra, 1969). An equilibrium snow line al-
titude occurred at 1060-1170 m asl during the oldest glacier oscillation at
the end of the Pleistocene. Glacial accumulation landforms from the last
Wiirm glaciation were preserved on the Czech side, whereas relicts also
of Riss moraines were found on the Polish side (Traczyk, 1989; Chmal
and Traczyk, 1999). Recent research has shown that the last phase of de-
glaciation occurred prior to ~11,000 cal YBP (Engel et al., 2010).

The Hruby Jesenik Mts. form the eastern part of the High Sudetes
and are mainly composed of metamorphic rocks (gneiss, mica schist,
phyllite, quartzite, and erlan) (Chlupac et al., 2002). The main ridge of
the Hruby Jesenik Mts. that includes summit plateaus (1300-1450 m
asl) has a north-south orientation. Mount Pradéd (1492 m asl) is the
highest peak. Today, this mountain range has the lowest rate of glacial
modification because of constrains imposed by preglacial relief
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Fig. 2. Cirques of the Sumava Mts. with marked median axis.
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(Migon, 1999) and the low resistance of rocks which contributed to
rapid weathering and big rate of postglacial modification of the relief.
Only one cirque, Velka kotlina, can be found in the valley head of the
Moravice River (Prosova, 1958; Czudek, 2005). This cirque has an
east-southeast position relative to the main ridge of the Hruby Jese-
nik Mts. and is situated below its largest summit plateau, which sup-
plied the glacier with snow. This glacier was 600 m in length
(Prosova, 1958), and its terminal moraine is situated at 1060 m asl
The snowline altitude of the glacier during the last glaciation was de-
fined by Vitasek (1924) to be 1150 m asl, which approximately corre-
sponds with the altitude of the cirque floor.

3. Methodological approach
3.1. Morphometric (planimetric and hypsometric) characteristics of cirques
Calculations associated with the determination of planimetric and

hypsometric indices that describe cirques were used for morphomet-
ric analyses. The most frequently used indices that define the size and
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shape of cirques were chosen. Data used for morphometric analyses
were acquired from published geomorphologic studies, from aerial
photos, from a digital elevation model (DEM), and from field map-
ping. A DEM of 3 x 3 m pixel size was created from the contour data
of military topographic maps DMU 25 at a scale of 1:25,000 with a
5-m contour interval and a basic positional accuracy of up to 10 m.
Cirque borders were delineated according to the crest limit and
threshold and by the moraine crest line if the moraine covered the
threshold. Step-like cirques were considered as one unit where the
lowest-lying cirque was included to analyse landforms corresponding
to maximal extent of glaciation in a particular locality (Kleiner Arbersee,
Grosser Arbersee, Grosser Rachel-Altersee, and Prasilské jezero). A total
of 27 cirques were analysed (five cirques on the Czech side of the
Sumava Mts,, eight cirques on the German side of the Sumava Mts.,
seven cirques on the Czech side of the Giant Mts., six cirques on the Pol-
ish side of the Giant Mts., and one cirque in the Hruby Jesenik Mts.)
(Figs. 2 and 3).

The following features that describe the cirque size were used in
the morphometric analysis: height (H), length (L), width (W), plan
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Fig. 3. Cirques of the High Sudetes with marked median axis.
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area (2D, area of the planar projection of the relief), volume (V), mean
slope, aspect of the cirque median axis, and surface area (3D, area of
the real relief). Based on these measurements, indices that describe
the shape of cirques were calculated: cirque length to height ratio
(L/H), cirque length to width ratio (L/W), width to height ratio (W/H),
and the surface area to plan area ratio (3D/2D).

The cirque height (H) represented the difference between the
lowest and the highest altitude within a cirque (sensu Aniya and
Welch, 1981; Garcia-Ruiz et al., 2000; Federici and Spagnolo, 2004).
Similar to other studies (Evans and Cox, 1995; Federici and
Spagnolo, 2004), cirque length (L) was measured along the median
axis — a line drawn from the cirque focus (middle of cirque thresh-
old) to the crest — such that the area on the left was equal to the
area on the right. The (maximum) width (W) was measured at a
right angle to the median axis. Altitudes (Emin, Emax., and Emean), Cir-
que areas (2D and 3D), and the mean gradient were derived from
the DEM by using GIS tools. Cirque volume (V) was calculated as
V=0.5(HxLx W) (Gordon, 1977; Davis, 1999). The cirque aspects
were defined as the median axis aspect and were classified into
eight categories: N, NE, E, SE, S, SW, W, and NW. The DEM was used
to derive the cirque plan areas (2D) based on the area of the ortho-
graphic floor projection of the cirque. The cirque surface areas (3D)
were derived from the DEM and represented the actual area of a cir-
que surface. The 3D/2D ratio reflected an area-relative elevation rela-
tionship (vertical relief segmentation; relative relief) of a cirque. The
L/H ratio (gradient) illustrated the cross-sectional shape of the cirque,
L/W ratio described the planimetric shape (indicated circularity or
cirque elongation), and the W/H ratio indicated the extent of cirque
incision (Graf, 1976; Garcia-Ruiz et al., 2000).

3.2. Construction, characteristics and application of k-curve

Cirque overdeepening is defined by a k-coefficient based on the
equation

y=k(1—x)e™™ (1)

which is called the k-curve (Haynes, 1968) (Fig. 4). To calculate a
k-curve, a longitudinal section of a cirque was constructed, and the
horizontal (a) and vertical (B) distances between the headwall crest
and headwall foot were determined. These data were used for the cal-
culation of k-coefficients. Headwall foot positions were determined
based on the shape of the longitudinal section curve. Two
k-coefficients were calculated for each cirque depending on the loca-
tion of the longitudinal profile. The first k-coefficient (k-steepest, k)
was calculated based on the profile crossing the steepest part of the
cirque headwall, and the second k-coefficient (k-highest, ki) was cal-
culated based on the profile running down from a point on the cirque

Fig. 4. Graph of the k-curve for k = 2. Input variables that are used for the calculation of
k-curves are marked. E — cirque crest, F — headwall foot, and D — deepest point of the
cirque floor.

crest with a maximal altitude across the cirque floor. Lines of both
profiles went perpendicularly through the contours and passed as
closely as possible through the lowest part of the cirque floor.

The domain of definition of Eq. (1) was (—,+«); however, with
respect to x, which described the lengths, we accepted that the do-
main of this function was (0,+). Other characteristics of the k-
curve resulted from the first (Eq. (2)) and second derivatives
(Eq. (3)) of the k-curve function (Eq. (1)); i.e.

y = —ke *(2—x) 2)
y =ke *(3—x). (3)

For the first derivative, y’ =0 when x = 2; the second derivative at
point x=2 was nonzero. Therefore, it followed that the function
Eq. (1) had a local extreme at point x=2. The first derivative
Eq. (2) showed that y’ <0 within the interval (0,2) and y’ >0 in the in-
terval (2,»). The k-curve function (Eq. (1)) reached a local minimum
at the point x =2. Therefore, the k-curve ran through the deepest
point of the cirque. Thus, the k-value could be defined based on the
difference in altitude between the lowest point of the cirque and
the foot of cirque headwall (Fig. 4) because values Xy (horizontal dis-
tance between the deepest point of the cirque and the cirque crest)
and Y, (difference in elevation between the deepest point of the cir-
que and the foot of the cirque headwall) could be determined by geo-
morphologic mapping. However, it is necessary to transform the real
values Xy and Y, (presented in metres or kilometres) into k-curve
metrics and make computations using these transformed values. In
other words, for the deepest point of the cirque (x=2), k= —ye?
where the y value was defined as y =2Yy/Xo, whereas the value Yy
had a negative sign with respect to the defined coordinate system
(see Fig. 4).

Another important characteristics resulting from the k-curve function
(Eq. (1)) was the relationship between the cirque floor deepening (c; cir-
que floor deepening means an elevation difference between the headwall
foot and the cirque floor) and the height of the cirque headwall (3; cirque
headwall height means an elevation difference between the headwall
foot and the headwall crest) that was constant and corresponded to o/
B=—e 2 When calculating 3, x=0 for the cirque crest, and conse-
quently, y=k(1-0)e° and y=k; when calculating « with x=2,
y=Kk(1-2)e™2 and y = — ke ™2 A constant o/ ratio was used as a math-
ematical approximation of the cirque floor deepening based on knowl-
edge of the cirque headwall height, which was multiplied by —e =2
This procedure was used in cases where the cirque floor was covered
by sediments of unknown thickness or by a lake of unknown depth.

Based on the definition and character of the k-curves, evident is that
k-coefficient could never be negative because 3=k and o= —ke 2.
Otherwise, the basic presumption that a cirque crest was situated
higher than the foot of the cirque headwall of the appropriate cirque
would not be valid.

3.3. Statistical evaluation

All statistical operations were performed using the programme
STATISTICA (StatSoft, Inc., 2009). The studied cirques were divided
into groups based on cluster analysis (tree clustering), with the ap-
propriate values of k;, and ks as the input variables of correlation mor-
phometric characteristics were expressed as Pearson correlation
coefficients, with the significance of differences in single characteris-
tics was tested using t-tests with a confidence level of p =0.05.

General discriminant analysis (GDA) was executed for a select
subset of all studied morphometric characteristics (basis). The basis
of the morphometric characteristics was explicitly defined as the larg-
est set of independent morphometric characteristics (i.e., those char-
acteristics that were not mutually correlated). The choice of basis
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members was made as follows: primarily, a characteristic with the
smallest number of significant correlations with other morphometric
characteristics was found. This characteristic was the first member of
the basis. Other members of the basis were defined in the same man-
ner from the set of remaining morphometric characteristics. The basis
of morphometric characteristics (in accordance with the above de-
scribed procedure) consisted of L/W, H, and 3D/2D. The observed cir-
que classifications were determined based on the classification of
cirques into groups according to the cluster analysis described
above. The GDA classification predictors were L/W, H, and 3D/2D.
Classification accuracy was defined using a cross-validation method
(Huberty, 1994) that assessed the predictive accuracy of a model in
a test sample (sensu STATISTICA; StatSoft, Inc., 2009). Out of a set of
27 cirques, 14 were randomly selected by random number genera-
tion. Standardised canonical discriminant function coefficients A
(sensu Manly, 2005) were defined for this selected group of cirques
(first group of analysis) using STATISTICA (StatSoft, Inc., 2009):
A(H)=0.06413, A(L/W)=—0.82299 and A(3D/2D)= —1.00393.
These same derived coefficients were also used for the second part
of the set in accordance with the cross-validation method. Classifica-
tion matrices were created for both subsets using STATISTICA
(StatSoft, Inc., 2009) (sensu Meloun et al., 2005). The matrices repre-
sented the classification accuracy when using the same discriminant
function coefficients; the inclusion of single cirques within a given
class was formulated based on posterior probability according to the
same procedure used for the classification matrices.

4. Results
4.1. Cirque morphometry

The cirques in the Bohemian Massif were located in leeward areas;
i.e. they faced northeast (seven cirques), southeast (seven cirques), or
to the east (four cirques) (Table 1). Aspect differences between single
mountain ranges were very small.

The following characteristics of cirques were defined: cirque size
features (height (H), length (L), width (W), area (2D), volume (V),
mean inclination, and surface area) and shape features (ratio of
length to height (L/H) and ratio of length to width (L/W), ratio of
width to height (W/H), ratio of surface area to 2D area (3D/2D), and
a k-coefficient).

The majority of the cirques (75%) had H values within the range of
116 to 324 m (Table 1). The average height of cirque headwalls (H)
was greatest in the Czech part of the Giant Mts. (310 m). Average cir-
que headwall heights in the other localities were between 255 and
269 m. Three quarters of the cirques were between 278 and 975 m
long and 360 and 826 m wide. Average cirque lengths were highest
in the Bohemian Forest (915 m) and were shortest for cirques in the
Czech part of the Giant Mts. (608 m). The cirques in the Giant Mts.
were relatively wide compared to cirques in the Sumava Mts. (788
vs. 620 m, respectively). On average, the cirques in the Sumava Mts.
had distinctively larger areas than the cirques in the Giant Mts. (62
vs. 38 ha, respectively). South- and southeast-oriented cirques
showed lower average values of all size characteristics (H, L, W, 2D,
and V), with the exception of inclination values that were slightly
higher (27.4°). In contrast, the largest cirques were oriented towards
the east. These eastward-oriented cirques also had the smallest mean
gradient (23.8°), and they were only surpassed in length by cirques
oriented to the north. Cirques oriented to the north were shallower,
longer, and narrower. Cirques oriented to the east were wider and
shorter. Cirques oriented to the south were deeper and more closed.

The L/H ratio varied between 1.5 and 5.3, and 75% of the cirques
had L/H values of up to 3.68. The cirques in the Bohemian Massif
were shallower than cirques of the Giant Mts. with lengths that
exceeded their height. Three-quarters of the cirques had L/W values

that were less than 1.33. Only one quarter of the cirques had W/H ra-
tios that exceeded 3.22.

The 3D/2D ratios varied between 1.04 and 1.22 with an average
value of 1.15. The Laka cirque had the smallest 2D/3D value, and the
Harrachova jama cirque had the greatest 3D/2D ratio.

The k-coefficient, which indicated the degree of cirque overdee-
pening, reached values of 0.35-1.00 for ky and 0.30-1.21 for ks.
Three-quarters of the cirques had k,- and ks-values that were <0.77
and 0.82, respectively (Table 1).

4.2. Cirque morphometric analysis and classification

A significant difference (p-value =0.05) between overdeepening
(k-values) of cirques in the Sumava Mts. and cirques in the High
Sudetes was observed based on one-way ANOVA analyses (ky:
F(1;25)=12.161; p=0.0018, ks: F(1;25)=10.329; p=0.0036); cir-
ques in the Sumava Mts. had average ky, and k values of 0.56 and
0.63, respectively, and cirques in the High Sudetes had higher average
kn, and ks values of 0.74 and 0.84, respectively.

Correlation analyses (Table 2) showed that cirque length (L) is
most often significantly correlated feature. As expected, the highest
correlations were observed between surface area (3D), 2D area, and
cirque volume (V). The 3D/2D ratio and mean cirque inclination had
the greatest positive correlation. In contrast, the L/W ratio had the
lowest number of significant correlations (Table 2).

The basis of morphometric characteristics, which was the largest
set of morphometric characteristics not correlated with one another,
was represented by the L/W ratio, H, and 3D/2D ratio. The cirques
were classified into groups according to the degree of overdeepening
(i.e., ky and ks values). Two main cirque clusters (Fig. 5) that were
joined at a linkage distance of ~43 were obtained. The cirques were
classified into two groups (see Fig. 5 and Table 1) according to these
clusters.

A joint classification based on the degree of cirque overdeepening
expressed by coefficients ky, and ks and morphometric characteristics
(H, L, W, L/H, L/W, V, 2D area, surface area (3D), 3D/2D, and mean in-
clination), rather than their base (L/W, H, and 3D/2D), was deter-
mined using discriminant analysis. The consistency of cirque
classifications based on k;, and ks was high when regarding the mor-
phometric basis (Table 3): 93% accuracy for the first group of ana-
lyses, 69% for the cross-validation group, or 81% for both groups
together. In the first group of analyses, for which discriminant func-
tions were defined, the Grosser Arbersee cirque was classified to
other class of cirques (Table 4). In the cross-validation, a group of
four cirques (the Mala Kotelni jama, Kleiner Arbersee, Wielki Staw,
and Lomniczka cirques) was, from statistical point of view, incorrectly
classified (these cirques were classified to other class).

5. Discussion

5.1. Problems associated with k-curve input data and optimisation of k-
curve input data

Mathematical analyses of k-curve functions and the definition of
the variables x and y illustrated several limitations in the application
of k-curves to the morphometric description of cirques. The main
problem associated with the k-curve application (see Section 3.2)
was the appropriate determination of the headwall foot zone and
the appropriate choice of longitudinal profile locations used in the
calculation of k-coefficients. Evident was that the profile location de-
termined the final k-value (Fig. 6). To ensure an unambiguous com-
putational technique and comparability of results, one profile was
routed through the steepest part of the cirque headwall, and the sec-
ond profile went through the highest point of the cirque crest. Con-
sidering that a k-curve describes glacial erosion relief (sensu
Haynes, 1968), the position of the headwall foot (point F, Fig. 6)
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Table 1
Morphometric characteristics of the Bohemian Massif cirques.

Cirque name  GPS position Kn ks Emax. Emin. Emean H L w L/H L/W W/ Volume 2D Surface 3D/ Mean Median Lithology®

(m) (m) (m) H  (10°m3) area  area 2D  gradient axis
(ha) (ha) ) aspect

Cerné jezero  49° 10’ 46" N, 0.74 0.76 1321 968 1084 353 1111 887 3.15 1.25 252 173.74 86.32 100.09 1.16 25 NE MS
13° 10" 57" E

Certovo jezero 49° 09’ 54" N, 0.54 0.60 1315 992 1116 323 901 1100 2.79 0.82 3.40 160.21 7142 7857 1.10 23 E MS, PG
13° 11’ 48" E

Laka 49° 06’ 37" N, 0.39 0.39 1304 1081 1157 223 1080 803 484 1.34 360 96.70 6892 7193 1.04 15 NE PG, GD
13°19' 40" E

Prasilské 49°04'31”N, 055 0.58 1210 1062 1156 148 476 386 3.22 123 261 11.02 1409 1526 1.08 20 E G, PG

jezero® 13°23' 59" E

Plesné jezero  48° 46’ 35" N, 0.70 0.70 1342 1068 1174 274 1008 760 3.68 133 2.77 104.95 53.66 60.90 1.13 25 NE G, PG
13° 51’ 54" E

Grosser 49° 05’ 54" N, 0.89 0.79 1292 918 1062 374 1212 1467 3.24 083 392 33249 15453 17149 1.11 22 E GN

Arbersee 13°09' 03" E

Rachelsee 48° 58’ 38" N, 056 0.72 1263 1057 1150 206 809 608 393 133 295 50.66 3726 4141 1.11 23 S GN
13°24' 04" E

Grosser 48° 58’ 28" N, 0.62 0.58 1437 1077 1213 360 820 830 228 099 231 12251 56.60 63.83 1.13 26 SE GN

Rachel-Alter 13° 23’ 36" E

See

Kleiner Rachel 48°59’ 19" N, 0.51 0.64 1281 1070 1155 211 982 761 465 129 361 7884 5321 58.14 1.09 21 N GN
13°23'09" E

Kleiner 49° 07’ 28" N, 035 041 1268 907 1059 361 1798 1090 4.98 1.65 3.02 353.75 148.09 16299 1.10 22 N GN

Arbersee 13°07' 10" E

Hirschbach 49° 02 32" N, 044 0.64 1237 1085 1165 152 407 382 2.68 1.07 251 11.82 11.01 1224 111 25 S MS
13°22'23"E

Hirschbach 1I°  49° 01’ 47" N, 042 030 1061 945 999 116 453 447 391 1.01 385 11.74 16.18 1734 1.07 19 SE GR
13°21"48"E

Schwarzbach? 48° 57’ 17" N, 056 0.72 1272 1016 1107 256 675 718 2.64 094 280 62.04 36.83 4136 1.12 23 SE GR
13°32' 08" E

Mald Kotelni 50° 44’ 52" N, 0.61 0.64 1421 1097 1246 324 590 360 1.82 1.64 1.11 3441 18.13 2199 1.21 32 SE PH, GN

jama 15°32' 03" E

Velka Kotelni 50° 45’ 02" N, 0.79 0.74 1406 1125 1275 281 502 640 1.79 0.78 228 45.14 2539 3064 121 32 S PH, MS,

jama 15°32" 14" E GR

Labsky dul 50° 46’ 07" N, 0.80 0.77 1303 1018 1124 285 975 770 3.42 127 270 106.98 62.18 7423 1.19 27 SE GR
15° 33 07" E

Harrachova 50° 45’ 18" N, 1.00 121 1353 1168 1270 185 278 555 1.50 0.50 3.00 14.27 11.84 1442 122 34 NE GR

jama 15°33" 10" E

Upska jama 50° 43’ 59" N, 0.61 0.74 1498 1045 1250 453 782 1300 1.73 0.60 2.87 230.26 86.29 101.96 1.18 30 E GR, GD
15° 43" 22" E

Velka 50° 43’ 17" N, 0.79 0.79 1500 1114 1266 386 724 367 1.88 197 095 51.28 2162 2563 1.19 30 S PH, MS

Studnicni 15° 42" 46" E

jama

Mala 50° 43’ 30" N, 0.74 0.78 1478 1222 1334 256 405 380 1.58 1.07 148 19.70 1234 1478 120 32 SE PH, MS

Studnicni 15°43' 01" E

jama

Maty Sniez’ny 50° 46’ 56" N, 0.64 115 1476 1181 1306 295 726 440 246 1.65 149 47.12 2577 31.04 120 30 NE GR

Kociot 15° 33" 25" E

Wielki 50° 46’ 47" N, 0.83 0.85 1488 1246 1330 242 805 526 333 1.53 217 51.24 3488 4199 1.20 29 N GR

Sniezny 15°33/39"E

Kociot

Czarny Kociot  50° 46’ 58" N, 0.73 0.85 1346 1117 1202 229 473 413 2.07 1.15 180 2237 1491 1773 119 30 N GR
15°35' 08" E

Wielki Staw 50° 45’ 31" N, 0.72 0.82 1403 1200 1276 203 581 757 286 0.77 3.73 4464 36.88 4194 1.14 23 NE GR
15°41'33"E

Maty Staw 50° 44’ 52" N, 0.70 0.84 1391 1108 1225 283 1507 934 533 1.61 330 199.17 101.84 11462 1.13 23 N GR
15° 42" 05" E

Lomniczka 50° 44’ 30" N, 056 0.74 1411 1051 1222 360 899 826 250 1.09 229 133.66 6344 7466 1.18 30 NE GR
15°44' 02" E

Velka kotlina ~ 50° 03’ 18" N, 0.82 0.83 1350 1156 1258 194 299 405 154 0.74 209 1175 9.79 1186 1.21 33 SE PH
17°14' 19" E

Emax., min., mean — Maximal, minimal and mean cirque elevation in m asl.
@ Lithology: MS — mica schist, PG — paragneis, GD — granodiorite, GR — granite, GN — gneiss, and PH — phyllite.
b In the work of Mentlik et al. (2010), this feature is described as “lower cirque.”
¢ In the work of Ergenzinger (1967), this feature is described as Wiesriegelkar.
4 In the work of Ergenzinger (1967), this feature is described as Birenriegelkar.

within the profile should have ignored the regions of a cirque that be carried out using an extrapolation of the bedrock line in the foot

were post-glacially altered and minimised the likelihood that nongla- of the cirque headwall and possibly the cirque bottom.

cial landforms were described instead of glacial features. Therefore, it

is necessary to abstract glacial and postglacial accumulation land- 5.2. Informative value of k-curve

forms (e.g., moraines, slope talus, and debris-flows) that could have

influenced the shape of the longitudinal profile curve and, conse- In addition to k-coefficients, the rate of cirque overdeepening can

quently, the placement of the headwall foot. This correction could also be characterised by several morphometric traits. Correlation
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Correlation matrices of morphometric characteristics of the studied cirques; marked correlations (bold) were significant at p<0.05 as determined using t-tests (N=27).

Variable H L w L/H LW W/H \'4 2D area 3D area 3D/2D Mean gradient
H 1.00 0.51 0.61 —0.20 0.15 —0.28 0.69 0.60 0.62 0.27 0.27
L 0.51 1.00 0.69 0.70 0.44 0.33 0.85 0.89 0.89 —-0.39 —0.46
w 0.61 0.69 1.00 0.30 —0.27 0.57 0.90 0.90 0.91 —0.32 —0.33
L/H —0.20 0.70 0.30 1.00 0.42 0.63 0.38 0.50 048 —0.74 —0.82
LW 0.15 0.44 —-0.27 0.42 1.00 —-0.40 0.05 0.07 0.07 —0.04 —0.14
W/H —0.28 0.33 0.57 0.63 —0.40 1.00 0.36 0.46 0.44 —0.74 —0.75
Vv 0.69 0.85 0.90 0.38 0.05 0.36 1.00 0.98 0.98 —0.27 —0.28
2D area 0.60 0.89 0.90 0.50 0.07 0.46 0.98 1.00 1.00 —0.36 —0.40
3D area 0.62 0.89 0.91 048 0.07 0.44 0.98 1.00 1.00 —0.32 —0.37
3D/2D 0.27 —0.39 —032 —0.74 —0.04 —-0.74 —0.27 —0.36 —0.32 1.00 0.96
Mean gradient 0.27 —0.46 —033 —0.82 —0.14 —-0.75 —0.28 —040 —0.37 0.96 1.00

analyses (Table 3) of the studied group of cirques showed that
k-values correlated with L/H, 3D/2D ratios, and mean cirque gradi-
ents; whereas the highest correlation coefficient value (0.73) was ob-
served for the 3D/2D ratio. The best means of approximating k-values
using classic morphometric tools is the expression using surface area,
cirque planform ratio (3D/2D) or mean gradient.

Based on theories of cirque development over time (Gordon,
1977; Olyphant, 1981; Brook et al., 2006; Evans, 2006), we can as-
sume that k-values change as a cirque ages. Based on the develop-
ment of diagrams of long profile time evolution according to
Gordon (1977) and later in similar works (Brook et al., 2006; Evans,
2006), k-values can be determined using a simple calculation; these
diagrams also illustrate that the change in k-values over time is linear
for cirques in alpine and highland relief environments. The
k-coefficients appear to be a strong expression of the degree of cirque
development.

Differences in both morphometric characteristics (see above) and
k-values for cirques in the Sumava Mts. and the High Sudetes were
also observed. The cirques in the High Sudetes had a greater degree
of overdeepening than cirques in the Sumava Mts. A greater extent
of overdeepening of cirques in the High Sudetes probably relates to
a more extensive and intense glaciation. Deglaciation of the Sumava

Mts. (Raab, 1999; Mentlik et al., 2010) occurred much earlier than
in the Giant Mts. (Engel et al., 2010).

This difference cannot be explained by differences in lithology be-
cause one-way ANOVA did not show (95% significance level) a signif-
icant relationship between lithologic type and k;, and ks values.

5.3. Cirque classifications

Previously published cirque classifications have been either only
descriptive, by taking into account cirque genesis together with to-
pography or geology (Rudberg, 1954; Trenhaile, 1976; Gordon,
1977; Vilborg, 1977); or as in the case of recent classifications, they
have taken into account basic morphometric size and shape charac-
teristics together with the cirque geology or aspect (Garcia-Ruiz et
al., 2000; Ruiz-Fernandez et al., 2009). Garcia-Ruiz et al. (2000) clas-
sified 194 cirques of the central Pyrenees (Spain) into four groups
using cluster analysis (minimization of Euclidean distances and selec-
tion from the dendrogram) based on certain morphometric charac-
teristics (L, W, H, A, L/W, and L/H). These authors noted that their
analyses showed that certain environmental variables (altitude, as-
pect, and lithology) had a limited influence on both the shape and
size variables of those glacial cirques. Discriminant analysis showed
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Fig. 5. Tree clustering of cirques according to k-highest and k-steepest (Euclidean distance measures and amalgamation rule by Ward's method).
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Table 3

Classification matrix for the first group of analyses: randomly chosen cirque for which
the discriminant function coefficients were defined, the second cross-validation group
and both groups together.

Class 1st group analysis (%) Cross-validation (%) Both (%)
X 88.89 83.33 86.67
Y 100.00 57.14 75.00
Total 92.86 69.23 81.48

that altitude, aspect, and lithology explained the classification of only
~66% of the Pyrenean cirques. The other discriminating factors were
ascribed to the influence of the presence of faults, the resistance of
rocks and preglacial relief. Studies of cirque morphometry from dif-
ferent parts of the world (Aniya and Welch, 1981; Evans and Cox,
1995; Garcia-Ruiz et al., 2000; Federici and Spagnolo, 2004; Hughes
et al., 2007; Ruiz-Fernandez et al., 2009) have shown that the influ-
ence of all the above-mentioned factors on the size and shape of cir-
ques cannot be generalised.

According to the successful classification performed using GDA
(Table 3), the existence of a close relationship between the degree
of overdeepening and morphometric characteristics was detected
for the group of Bohemian Massif cirques studied here. Cirque classi-
fications based on k-values coincided with morphometric-based clas-
sifications in 81% of the cases. In other words, the classification of
cirques based on a genetic perspective (k-curve as defined by
Haynes, 1968) is compatible with classification methods based on cir-
que morphology (morphological indices in accordance with Evans
and Cox, 1995). Therefore, this study demonstrated that the classifi-
cation of cirques according to the degree of overdeepening corre-
sponded more closely with cirque morphometry than with
environmental variables, as shown by Garcia-Ruiz et al. (2000) and
Ruiz-Ferndndez et al. (2009).

Table 4

Posterior probabilities of classifications; incorrect classifications are marked with *;
cirques from the first group of analyses (which defined the discriminant function coef-
ficients) are marked with a bold italic font; observed classifications were based on ky
and ks in two classes X and Y.

Cirque name Observed class X Y

Cerné jezero X 0.88 0.12
Certovo jezero Y 0.10 0.90
Laka Y 0.14 0.86
Prasilské jezero Y 0.32 0.68
Plesné jezero X 0.81 0.19
Velkd kotlina X 0.85 0.15
Mala Kotelni jama* Y 1.00 0.00
Velka Kotelni jama X 0.84 0.16
Labsky diil X 0.97 0.03
Harrachova jama X 0.71 0.29
Upskd jama* Y 042 0.58
Velka Studni¢ni jama X 1.00 0.00
Mala Studni¢ni jdma X 0.93 0.07
Grosser Arbersee” X 0.13 0.87
Rachelsee X 0.66 0.34
Grosser Rachel-Alter See Y 0.38 0.62
Kleiner Rachel Y 0.44 0.56
Kleiner Arbersee* Y 0.82 0.18
Hirschbach Y 0.39 0.61
Hirschbach II Y 0.10 0.90
Schwarzbach Y 0.32 0.68
Maly Sniezny Kociot X 1.00 0.00
Wielki Sniezny Kociot X 0.99 0.01
Czarny Kociot X 0.94 0.06
Wielki Staw* X 0.28 0.72
Maly Staw X 0.92 0.08
Lomniczka* Y 0.86 0.14

Divergences in cirque classifications, or incorrect categorization
into groups, can be explained in several ways: (i) Although it
emerged that k-curves are related (a significant correlation existed)
to some morphometric characteristics [k, vs. L/H (—0.50), 3D/2D
(0.70), mean gradient (0.62); ks vs. L/H (—0.42), 3D/2D (0.65),
mean gradient (0.61)], k-curves provide different information and
cannot be replaced entirely by morphometric methods. In other
words, a difference exists between strictly morphological characteris-
tics (sensu Evans and Cox, 1995) and genetic aspects of cirques that
are represented by k-curves (sensu Haynes, 1968). (ii) The set of
standard morphometric characteristics does not have to be complete,
or other independent sizes or indices that could better characterise a
cirque from a genetic perspective can be missing. (iii) If the set of
studied cirques with an analogous genesis was larger, the influence
of abnormally-developed cirques would be statistically low. A better
determination of cirque groups could be obtained by addressing
these factors.

6. Conclusions

Mathematical analyses were used to demonstrate the potential
benefits and limitations of using k-curves in real scenarios:

(i) It is necessary to correctly and unequivocally identify the lon-
gitudinal profile and input variables (position of the crest and
cirque headwall or the deepest point of the cirque) to obtain
a correct definition of the k-value. The k-values cannot be neg-
ative. The ratio between the height of the headwall and cirque
floor deepening is constant and does not depend on the value
of the k-coefficient.

(ii) Knowledge of the cirque headwall height allows for the math-
ematical calculation (theoretical) of cirque overdeepening
(i.e., the maximum depth of the cirque floor). If the k-curve
could be considered as approximation to the longitudinal
profile of cirque, then it is possible according to the k-curve
equation to calculate hypothetical cirque depth and thus
thickness of sedimentary fill of the cirque bottom or depth
of the lake.

According to the cirque development diagram for long profile

time evolution (sensu Brook et al., 2006), we can show that

changes in k-values are linear over time.

(iv) Classification of cirques according to k-values corresponded
to the classifications based on morphometric characteristics
represented by their basis (L/W, H, and 3D/2D). Further-
more, results of these classifications corresponded to re-
gional divisions and reflected the different intensities and
development of mountain glaciation in the northeastern
(the High Sudetes) and southwestern parts (the Sumava
Mts.) of the Bohemian Massif. Cirques of the High Sudetes
(northeastern part of the Bohemian Massif) had a higher
degree of overdeepening than cirques of the Sumava Mts.;
and the High Sudetes cirques were deeper, shorter, and nar-
rower. A higher rate of overdeepening (greater k-value) of
cirques in the High Sudetes was caused by longer-lasting
glaciation.

(iii

=
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